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Nomenclature
H = Hamiltonian
J = performance index
k = gravitational parameter
P* = position vector of a planet at time t*
Q* = velocity vector of a planet at time t*
R = position vector of the spacecraft
r = magnitude of R
rs = sphere of influence radius of a planet
t = time
t* = time at which the vehicle crosses a sphere of influ-

ence
V = velocity vector of the spacecraft
TjXjjUjj'jO- = Lagrange multipliers
<i> = state transition matrix
$ = over-all transition matrix for X and X

Subscripts
0
/ =

evaluation at the initial time
evaluation at the final time
evaluation just before t*
evaluation just after t*

Superscript
T = transpose

Introduction

PRIMER vector theory as introduced by Lawden,1 ex-
tended to nonoptimal trajectories by Lion and Handels-

man,2 and applied by Jezewski and Rozendaal,3 has become
an effective method for determining optimal n-impulse tra-
jectories for motion in an inverse square law central gravita-
tional field. The theory is further extended here for applica-
tion to matched-conic trajectories. The primary result of
this analysis is that the primer vector is continuous at a
sphere of influence whereas its time derivative is discon-
tinuous. It is also shown that the method of finding optimal
n-impulse trajectories presented in Ref. 3 is readily extended
to matched-conic trajectories.

Matched-Conic Trajectories
If the vehicle is within the sphere of influence of any

planet, it is in a planetocentric phase, and its motion is con-
sidered to be governed only by the gravitational field of the
planet. If the vehicle is outside of the spheres of influence
of all planets, it is in a heliocentric phase, and only the gravi-
tational field of the sun is considered in determining its
motion. Since all gravitational fields are assumed to be of
the inverse square law form, the trajectory consists of a series
of conic arcs described by the solution to the equations

R - V = 0, V + (k/r*)R = 0 (1)
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where R and V are measured relative to the appropriate
central body that has a gravitational parameter k.

An inertial coordinate system is used during a heliocentric
phase. During a planetocentric phase, the reference co-
ordinate system is centered on the moving planet and is
parallel to the heliocentric reference frame. Although the
position and velocity are inertially continuous throughout
the trajectory, the translation of coordinate systems when
the vehicle passes through a sphere of influence causes a dis-
continuity in the state vector given by

R+ = R- i P*, 7+ = 7_ ± (2)

where the + is used if the vehicle is leaving a sphere of in-
fluence and the — is used if the vehicle is entering a sphere of
influence.

Adjoint Equations

Consider a two-impulse, fixed-time, matched-conic tra-
jectory between specified initial and final position vectors
which consists of a planetocentric phase followed by a helio-
centric phase. The time at which the vehicle crosses the
sphere of influence is implicitly defined by the equation

_ - rs
2 = 0 (3)

The performance index J is defined to be the sum of the
magnitudes of all impulses. Thus, for a two-impulse tra-
jectory,

J = |F0+ - ~ 7/-| = |A70 + |A7, (4)
Following the approach of Bryson et al.,4 Eqs. (1-3) are

adjoined to the performance index to give

= J

jt+
dt

Formation of the differential of / gives

dVo+ +

)T dR+

-)r dR-
_ - /i)r dV-

r * + fl

J to J t+*

(-a -
rk %
I - X - ^ 5R\ dt

For I to be stationary under arbitrary perturbations, the
coefficients of dVf-, dV0+,dR-, dR+, dV-, dV+, dt*, 5V, and
dR must vanish. The following results are thus obtained:

= AFo/|A7o|, A, = A7,/|A7,|

A+ = A_ = M

(5)
(6)
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o + = o-_

X = -a-

(7 = (k/r*)\ - (3k/r5)(\TR)R

(7)

(8)
(9)

(10)

Equations (9) and (10) can be combined to give the standard
second-order equation for the primer vector X;

X = - (&/r3)X + (2k/r5)(\TR)R (11)

Manipulation of Eqs. (6-9) provides the following results:

X+ = X_ - 2yR. (12)

27 = X!(7_ - V + + Q*)/R-TV- (13)
H+ = H.+ X+rQ* - X+rQ* (14)

where # is the Hamiltonian defined by

H = A*T - XT (15)

Equations (12) and (13) can be combined to give

X+ = X_ + PrX- (16)

where

p = R-/R-TV-, f = 7+ - 7- - Q*
Equations 6 and 16 can now be written in matrix form to

give

Equations (6, 14, and 16) show that the primer vector is
continuous across a sphere of influence whereas its time
derivative and the Hamiltonian are discontinuous.

Analysis similar to that given previously for the case of
a two-impulse trajectory, consisting of a heliocentric phase
followed by a planetocentric phase, shows that Eq. (14)
becomes

TJ TT "\ T/^H* I \ Tr\% /I Q\.ra + = rz _ — A_ /̂ ~r A— (# v^w

and that Eq. (17) is still valid provided that p and f are re-
defined as

p = R+/R+*V+) f = F+ - F_ + Q*
Obtaining Optimal Solutions

The method presented in Ref. 3 for finding optimal n-
impulse trajectories in a single, inverse square law, central
gravitational field is based on the equation

\TdV - \T5R = const (19)

It is now shown that Eq. (19) is satisfied across a sphere of
influence and thus along the entire matched-conic trajectory.

At a sphere of influence, the noncontemporaneous vari-
ations are given by

_ = dR_ + V-dt*, dV- = dV. + V-dt*

dR, dR+ + V+dt*, dV+ - V+dt*
(20)

Substitution of Eqs. (2) into Eqs. (20) and rearrangement
gives

dR+ = dR., dV+ = 5F_ - f dt* (21)

An expression for dt* can be formed as follows. The total
variation in the radius magnitude at the sphere of influence
must vanish so that

or

dt* = -5r_/r- (22)
But since r_2 = RT_R-, it follows that dr. = Rj&R-/r, and
r- = RT_V-/r-, so that Eq. (22) becomes

dt* = -R-TdR./R-TV- = -P
TdR. (23)

and Eqs. (21) become, in matrix form,

Equations (17) and (24) can now be combined to give

so that Eq. (19) is satisfied across a sphere of influence.
For the two-impulse reference trajectory considered in

the development of the adjoint equations, the initial and
final values of the primer vector and its derivative are related
by

KL - *(^ KL
where

and

W(t*) =

(25)

(26)

(27)

dr- = 5r_ + r. . 0

The analysis of Ref. 2 therefore is readily extended to
matched-conic trajectories provided that Eq. (17) is used to
propagate the primer vector and its derivative across a sphere
of influence, and the over-all transition matrix \f/ is used to
compute the initial value of the time derivative of the primer
vector for each two-impulse subarc of the trajectory. A
method of computing the state transition matrix for each
phase of a matched-conic trajectory can be found in Ref. 5.

Summary

Primer vector theory, which has been effectively used to
compute optimal n-impulse trajectories in an inverse square
law, central gravitational field, has been extended for applica-
tion to matched-conic trajectories. The primer vector has
been shown to be continuous at a sphere of influence whereas
its time derivative and the Hamiltonian are discontinuous.
The discontinuities, however, are not arbitrary, but can be
explicitly calculated.

Although the trajectories considered in the analysis con-
sisted of only two phases, the results are applicable to a
trajectory that crosses any number of spheres of influence.
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